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CHAPTER I
1.1 Motiyatltxn and Relevance of Thesis
The LAaWE (Lower Atmosphere Cw position and Temperature Experi-
ment) mission was a high altitude balloon platform test which employed
an infrared radiometer to sense vertical profiles of the concentra}.ions
of selected atmospheric trace constituents and temperatures. The oon-
stituents were measured by inverting infrared radiance profiles of the
earth's horizon. The-radiometer line-of-sight was scanned vertically
across the horizon at approximately 0.250/second. The relative vertical
positions of the data points making up the profile had to be determined
to approximately 20 arc seconds.
The balloon system for acomplishi.-^g the mission is shown in
Fig. 1.1-1. It consisted of: (a) a 39 million cubic feet (zero pres-
sure) balloon, (b) a load bar containing the balloon control equipment,
(c) a package containing additional balloon control electronics with
gondola recovery parachute, and (d) a gondola containing the research
equipment. The balloon was designed to lift the payload to a float
altitude of approximately 150,000 feet.
Instnme►taticn to determine the attitude of the balloon platform
consisted of a magnetometer and 3 orthogonally oriented precision rate
gyros. The three rate gyros were employed to obtain an accurate time
history of the angular velocity om poems of the research platform for
subsequent data reduction and attitude determination.
The main problem in the LACATE experiment is to determine the in-
stantaneous orientation (i.e., the attitude) of the instruumtation
platform with respect to a local vertical. Moreover, this orientation
2
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must be determined W an accuracy of lo. Once this is known, the orien-
tation of the line-of-sight of the radiameter can be determined since
its relative motion with respect to the platform is prescribed.
1.2 Present Status of the Problem
Stablizing the balloon research platform or predicting its orien-
tation is a major vroblem which must be solved in all balloon borne
mxperiments requiring line-of-sight instnm entaticn. Feedback control
systems have been used to stabilize the balloon platform with respect
to an inertuCL reference frame (1) . Stability is obtained by suspending
the platform at its center of gravita-- and employing some control system.
Control system im&xwentati.on includes sensors (rate gyros, digital
star trackers, etc.) and reaction wheels for torquing the platform.
System of this type, hmgever, are usually extr vely complex and costly.
An alternate approach to this problem is to allow the balloon plat-
form to swing freely from its suspension point and then employ same
method to determine its attitude (orientation). The orientation par-
ameters for the platform are determined by fitting the results obtained
from a mathematical model (which simulates the balloon system) to those
rev.:lts obtained from the platform's sensors U.e., gyroscopes).
Several numerical parameter estimation methods have been developed
to determine the attitude ( orientation) parameters. The problem is
normally solved by employing an optimization process which minimizes
the error be men predicted and known output results. In the case of
balloon research platforms the optimization problem involves the mini-
mization of the slam of the squares of the differences between the ancpu-
lar velocity components obtained from the rate gyrosoc-4pes and those
3
.4
predicted from the mathematical model ^ 2) . However, with this approach,	 i
the problem of determining the optimal decision variables, (i.e., ini-
tial condition parameters) can require considerable oagmter mooning
time.
A pramising, new approach for determining attitude of balloon re-
search platforms involves observer state space reconstruction. For
totally observable systems, state estimators can be constructed. The
state estirrator,which is driven by all plant inputs -nd outputs, can be
used to determine the system state(3).
Observer systems are state estimators cons zucted such that the
error in the estimated state decays to zero over a finite time interval.
By subtracting the plant model from the observer model, the error model
for the
	
state can be determined. This model consists of
a system of harogeneous, first order differential equations. The e3gen-
values of the resulting eigenvalue problem can be chosen such that the
error decays to zero in a small interval of time. In this case, then,
the estimates response approaches the actual states exponentially.
1.3 Object of Thesis
The two main objectives of this thesis are given as follows:
1. Develop an observer model for predicting tY* orientation of
balloon borne research platforms.
2. Employ this observer model in conjunction with actual data ob-
tained from HASA 'S LACATE mission in order to determine the
platform orientation as a function of time.
In order to achieve the above objectives it will be necessary to
first develop a general three dimensional mathematical model for simu-
lating the motion of the balloon platform. This will be dieruesed next.
5i CHAPTER II
DEVE OCPNi\• OF BALL OW SYSTEM MATHDOnCW
2.1 Idealizations of System
The general balloon system to be studied in this report is i0mm in
Fig. 1.1-1. The actual motion of this system is very oomplex and in-
volves various typaa of oscillations including bounce (vertical oscil-
lation) , pendulations (inpla ne motion) and spin (rotation) . In general,
it is necessary to first idealize this system before developing the
mathematical model. For purposes of this study, the following idealize-
ticna will be maw:
1. The mass of the balloon, subsystems and interc=xcting sub-
systems, will be "lumped" at the locations shown in Fig. 2.1-1.
2. The balloon will be treated as an "equivalent" rigid body.
3. The altitude of the balloon static equilibrium position (float
altitude) will be assumed to be a constant during the entire
period of observation; i.e., changes in this altitude due to
losses or changes in the properties of helium will be neglected.
4. The interoernnecting cables will be considered to be inflexible.
The above idealizatias were applied to the general balloon system
shown in Fig. 1.1-1. The resulting idealized system is shown L" Fig -
2.1-1.
There are two alternate approaches which can be Zollowed for pur-
poses of modeling the balloon system; these are summarized below.
1. The mathematical model for the entire balloon system (Fig.
2.1-1) can be developed. The major disadvantage of this ap-
proach is that it requires Imowledge of the aerodynamic forces
acting on the balloon itself. Nbreovw, with this model, a
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large number of generalized coordinates are needed to specify
the configuration of the system.
2. An alternate approach is to develop the mathematical model for
predicting the motion of subsystems one and two (Fig. 2.1-2).
'ibis model does not include the aerodynamic forces acting on
the balloon: however, it does require information on the motion
of the radar reflector support paint 0 (Fig. 2.1-2). The
advantage of this model is that the number of degrees of freedom
is decreased, and the aerodynamic force effects are automatically
included if the motion of the support point is known. This is
the model which will be used for carrying out the research dis-
cussed in this thesis.
2.2 Generalized Coordinates
The generalized coordinates for a given system are those coordin-
ates which are employed to specify the configuration of the system at
any instant of time. In any mechanical system there will be as many
generalized coordinates as there are degrees of freedom. In the case of
the idealized lumped system shown in Fig. 2.1-2, six generalized coordin-
ates are required to specify t' a balloon configuration. These are caarmm-
prised of six Elder angles which specify the orientation of the two
subsystems. The three translational coordinates located at the radar
reflector support point 0 are not crosidered to be generalized coordin-
ates, since these are known (prescribed) from data obtained form the
radar tracking installation.
In general, the Eder angles give the orientation of the body co-
vet
ordinate asses (X i ) relative to a fixed coordinate system (i). A
x i 0 Z1 lo...^
19
7,
4
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•
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series of three rotations.about the body axis is sufficient to allow the
body axes to attain any desired orientation.
Several sets of Eisler angles are possible for fixing the orientation
of the subsystems. One set of Eisler angles (Set III) was oployed in
this work and is shown in Fig. 2.2-1. The sequence of the three rota-
tions which define this set is described below.
a. a positive rotation 0 about the X 3
 axis resulting in the X.'
i
body system,
b. a positive rotation 9 about the Xi axis resulting in the V'
body system, and
c. a positive rotation t^ about the X2' axis resulting in the ? '
body system.
The transformation equation for the above sequence of rotations is
given as follows; i.e.,
1 1 1	 _
X - AX
(C (0)C (16) -S (0) S NJ) ) (C (fir) S (0) +S (e)C (0) S 4) ) (-S (0)C (9) )
A = (-C(e)S(0))
	 (C (e)C (0))	 (S (9) )
(S (QC (16) +S (9) S WC (y) ) (S (0) S (y) -S (9)C We (W ) (C (6)C NO )
X denotes the fixed system axes, and
denotes the fixed body system a)M.
2.3 Lavrange's B uation
The mathematical model for simulating the motion of the research
platform will be developed by employing Lagrange 's equation. The c^ al
3;
ration
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form of this equation is given as follows; i.e.,
dt aL _ aL = Qi 	 n)	 (2.3-1)
aqi qi
L = T-V = Lagrangian,
T = kinetic energy of the system,
V = potential energy of the system,
qi = generalized coordinates,
4  = generalized velocities,
n = the nurber of generalized coordinates, and
Qi = the nonconservative generalized forces.
For purposes of this work the friction at the support points 0 and
1 will be neglected. In addition, the aerodynamic drag forces acting on
subsystems 1 and 2 will also be neglected. Hence, the generalized forces
Qi
 are equal to zero and Eq. 2.3-1 reduces to
12
d aL _ aL = 0•
cwt	 aq
aqi
	
(2.3-2)
2.4 Kinematics
In order to obtain the kinetic energy of the system, it is first
necessary to develop the kinematic expressions for the velocity (angular
and linear) of the subsystems. By eripleying the Eisler angles, the
angular velocities for subsystem (1) are given as follows; i.e.,
W1 (1) = (41 S (411 ) C (01 ) + 41 C (^J ) F
W2 (1) = (^l S (01 ) + $l ) , and	 (2.4-1)
W3 (1) _ (^l C (01 ) C(1) + 0l S (t^j)
13	 ;
W. (1) = cagonent of the angular velocity of subsystem (1)
along the i th body axis (i = '.,2,3), and
wle:r angles of rotation for subsystem (1).
Similarly, the angular velocities for subsystem (2) are:
W1 (2) = (42 S (1L2 )C (92 ) + e2 C (4)2 )) .
W2 (2) = (^2 S()2) + y2 , and	 (2.4-2)
W3 (2) _ (f 2 C (02)042) + 92 S (tY
where
Wi (2) = camponent of the angular velocity of subsystem (2)
along the i th body axis (i = 1,2,3), and
e2
,q)2 "62 = Elder angles of rotation for subsystem (2).
By employing small angle ammY»tions (i.e., S(9) = 9, CM = 1),
and by neglecting second order terms in a and *, F?•(2.4-1) and (2.4-2)
can be written as follows:
W (1) = A ,1	 1
W
2 
t1) - y	 (2.4-3)1
W (1) _,3	 1
and
W (2) ' 9 ,1	 2
	
W2 (2) = y2 ,	 (2.4-4)
W3 
(2) 
_ 
2 .
The translational motion of the support point 0 (Fig. 2.1-2) is
referred to an axis which is fixed in space. The translational vel-
ocity expression for this point is given as follows; i.e.,
0)V1 = X1,
V2 (0) = X2	 (2.4-5)
(0)V3 = X 3 ,
where
V1(0) = absolute velocity maTonents of support point 0
(i = 1, 2,3) along the Xi
 "
I body axis of subsystem (2).
The velocity expressions for support point (1) (Fig. 2.1-2) are
given as follows; i.e.,
V1 (1) _ (X1 r1to1)
V2 (1) _ (X2 + rlgl). and	 (2.4-6)
V3 (1) _ (X3) ,
V 1 (1) = absolute velocity oa qx esnts of point (1) along the
body axis of subsystem (2), and
r1 = distance between point (0) and point (1).
The velocity expressions for point (2) are given as follows; i.e.,
V1 (2) = (X1 - rl^jl - r2y2)
V2(2) a (X2 
+ r141 + r282), and	 (2.4-7)
V3(2) = X3
Vi (2) = absolute velocity components of point (2) along the
body axis of subsystem (2), and
14
ri - distance between point (i-1) and point W.
The above equations were developed by employing small angle approx-
imations (i.e., SW - e, C(e) - 1), and neglecting second order terms
in a and o. Moreover, it also assumes that the nature of the ring and
clevis support at point (1) is such that the difference between the spin
angles 01 and 02 is small.
2.5 System Iagrangian
The general kinetic expression for subsystems (1) and (2) is given
as follows:
T U) = 1 - V (i)• v(i) + Iil (w W ) 2 + Ii2 (w ti) ) 22 i	 -r1	 2 2
+ I-(w3 (1) )
2	
(i=1,2)	 (2.5-1)
T (i) - kinetic energy of subsystem (i),
mi = mass of subsystem U),
Iil , Ii2' Iii - moments of inertia of subsystens (i) along
the (2) body axis, and
w, (1) = components of the angular velocity of subsystem U)
along the (2) body axis.
The total kinetic energy T of the balloon system is obtained by
summing Eq. ( 2.5-1) and substituting from Dqs. (2.4-3) , (2.4-4) , (2.4-6)
and (2.4-7); this gives:
T = T (1) + T(2)
_	 (Xl-rl^l ) 2 + (X2+r191 ) 2 + (X3 ) 2)
+ I2'" (! ) 2 +	 ((Xl-rlmj^-r2 ) 2
I
+(X2+rlgl+r2g2 ) 2 + (X3 ) 2) + - (i2 ) 2 .	 (2.5-2)
15
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Fbr purposes of developing Eq. (2.5-2) the moments of inertia I121 Ill ` and
122 were neglected and ml
 and m2 were treated as point masses.
The system potential energy is due to the presence of the conser-
vative gravitational forces and is given as follows:
V - V (1) + V( 2)	 (2.5-3)
V(1) = mlgr1C(81 )C(Oj), and
V(2)
_ "m2g (r1C(81 )C(Ol) + r2C(H2)C(Y).
The system Lagrangian (L), which is defined in Eq. (2 .3-1), is
obtained by subtracting the total potential energy (Eq. (2.5-3)) from
the total kinetic energy (Eq. (2.5-2)) and is given as follows:
L = T - V
= 2 m1 ((xi r1^jr1) 2 + (i2+r181) 2 + (X3 ) 2)
+ IY(;l ) 2 + T m2 ((X1-rl^1 rA 2
I.
+ (k2+r181+r282) 2 + (X3 ) 2) + ^(^2 ) 2
+ m1 gr1C (81 ) C NY
+ m2 g (r1C(01 )C(4)1 ) + r^C(82 )C(402 )).	 (2.5-4)
2.6 System Math Model
The equations for the motion of the balloon platform are obtained
by substituting the Lagrangian from Eq. (2.5-4) into Eq. (2.3-2). The
resulting equations are given below.
'1191 + '1292 + k1181 = -flal ►
(2.6-1)
'2181 + '2282 + k2292 = -f2al'
m11^1 + m12^2 + kllt^l - fla2 ,
(2.6-2)
m2l^ l + '224,2 + k22' '2 = f 2a2
;l - 0 ' 
and
(2.6-3)
02 = 0'
mll = (ml + m2 ) rl2,
'12 = m2rlr2'
m21 = nylr2,
m22 = m2r22,
k11 = (ml+m2)grl,
k22 = m2 gr2'
fl	 (ml+m2) rl,
f2 = y2'
al = acceleration cmponent of paint (0) along the e2 (2) body
axis, and
a2 = acceleration oasponent of point (0) along the e l (2) body
Bgs . (2.6-1) and (2 . 6-2) were developed by assuming small displacements;
i.e., C(91 ) = C ( ty - 1, S (8i ) = Ai' S (,Pi ) - yi.
Eq. (2.6-3) yields that ji is a constant. In this study the pre-
17
18
cision of this model was improved by employing the transfo=ation equa-
tion for the angular velocity W3 (i) . As stated earlier, it will be as-
sumed that 01 -02- Thus, Bq. (2.6-3) will be replaced with the follow-
ing:
^l = ^2 = W3 (2)
	 (2.6-4)
where
W3(2) is the angular velocity obtained from the rate gyro
mounted along the e3(2) body axis.
Dqs. (2.6-1) and (2.6-2) can be written in matrix form as follows:
mni + Kni = Rai (i=1,2)
	 (2.6-5)
(i=1,2)	 (2.6-6)
where
91
nl =	 92
y11
n2 =	 q)2
M =
	
Ill m12
m21 m22
k11	 0
K =	 0	 k22
-f l
Fl =	 ,
-f2
L:--^-
19
F2 fl
f2
= W1(2)
W1 (2) = 82 = the ooctpot	 of the angular velocity of subsystem
(2) along the el (2) body axis,
E2 a W2 P
W2(2) ^2 = the oanponent of the angular velocity of subsystem
(2) along the e2 (2) body axis,
C = (0 1) ,
81
1=n	 9
and
2
n2 =
The numerical values for the mij and kij coefficients were omputed
by employing the props ,:ies of the balloon system which are given in
Table 4.1-1. These resulting values are given in Table 4.1-2.
2.7 State Variable Form of Math Model
Eqs. (2.6-5) and (2.6-6) can be expressed in general state variable
form as follows:
L q = Nq + R u, and	 (2.7-1)
y = C q	 (2.7-2)
20
nl
n2
q 
= nl
n2
1 0	 0	 0^
0 1	 0	 0
L =
	
	 ,
0 0 
mu m12
0 0 
m21 m22I_
0	 0	 1 0
0	 0	 1 1
N =	 ,
-kll	 0	 0 0
0	 -k22 0 0
0
0
R = control matrix = fl
f2
u = control variable,
y = w (2) 1
w (2) = the caponent of platform angular velocity along the
system (2) body axis, and
21
y = C q	 (2.7-4)
0
0
A= I,1N=
a31
a41
0	 1 0
0	 0 1
a32 0 0
a42 0 0
0
_
B = L 1 R= 
0
b3
b4
The elements of the A and B matrices are given below; i.e.,
Jm22 k11
a31
7
m12 k22
a32= —^—,
m21 k11
a41 =
7	
,
-mll k22
a42 =3 -- ,
m22f1 - m12f2b	 -3 j
-m21f 1 + mllf 2b4
	=
where
mil m22 M21712-
The numerical values for the 
aiJ 
and b  coefficients were ccnputed
by employing the values of kij and m13 which are given in Table 4.1-2.
These resulting values are given in Tables 4.1-3 and 4.1-4.
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CHAPTER III
DEVELOPMENT OF OBSERVER SY9M MATEEMATICAL MDDELS
3.1 Concept of 0mrvability
The observability of a system implies the determinability of the
system state fran an observation of the output over a finite time in-
terval starting from the instant at which the state is desired (4) it
is assaned that the system inputs, outputs and mathematical model are
]mown.
For purposes of referencing the work in this chapter, the state
variable form of the balloon's model (Bgs. (2.7-3) and 2.7-4)) will
be rewritten below; i.e.,
q=Aq+Bu,
q (to) = c0, and
y = Cq.	 (3.1-2)
where
q is the n th order state vector,
qo is the unknown initial state vector,
u is the single (scalar) input,
y is the single (scalar) output,
n is the order of the system,
A is a n x n matrix,
B is a n x 1 matrix, and
C is a 1 x n matrix.
1
2'11
Eq. (3.1-1) determines the plant dynamics and indicates how the
input (or control) u affects the state vector q. The matrix A char-
acterizes the plant dynamics when u is not present; this is the so-
called free-response case. The matrix B determi;:es how the plant re-
sponse is affected by the input (or control) vector u. Bq. (3.1-2)
defines the relationship between state vector q and the system output y.
For system observability, the basic question is as follows: "Is
it possible to identify the initial state % by observing Lie output
(Y) over a finite time interval?" Precise definitions of system ob-
servability are given as follows:
1. Definition 3.1a. A state q l , i.e. q(tl) of a system is said
to be observable at time to, if knowledge of the input u(t)
and output y(t) over a finite time to < t < tl, completely de-
termines the state qo. Otherwise, the state is said to be
unobservable at to.
2. Definition 3.1b. If all system states q(t) are observable,
then the system is said to be omrpletely observable or just
observable.
3. Definition 3.1c. If the state ql is observable and if the
knowledge of the input and the output over an arbitrarily small
interval of time suffices to determine qo (independent of to),
then the state is said to be totally observable.
4. Definition 3.1d. If all the states q(t) are totally observable,
then the system is said to be totally observable (5), .
The necessary condition for observability of the balloon system is
given in the following section.
3.2 Observability of Balloon Systems
The following theorem (Ref. 3) can be employed to determine the
observability for general time - invariant systems.
Theorem 3.2a. The time-invariant system described by Bqs. (3.1-1)
and (3.1-2) is totally observable if and only if the composite matrix M
has rank n, where
C
CA
C (A2)
M =
--	 and
C (An-1)
n, C and A are defined in Eqs. (3.1-1) and 3.1-2).
The observability of the balloon system described by Eqs. (2.7-3)
and (2.7-4) can now be determined by showing that the owposite matrix
M has rank 4. For this purpose, the matrices C, CA, C(A2) and C(A3) are
given as follows:
C = (0 0 0 1) ,
CA = (a41 a42 0 0)'
C(A2)= 0 0 a41 a42)' and
C(A3)- ((a41a31 + a42a41) (a32a41 + a42 ) 0 0).
The specific form of the composite matrix M for the balloon system
model is given as follows, i.e.
24
CCA
M =	 C(A2)
C (A3)
0
M =
	
a41
0
(a41a31+a41a42)
	
0	 0	 1
	
a42	 0	 0
	
0	
a41	 a42
(a32a41+a42)	 0	 0
25
In order to show that the rank of M = four, it is necessary to
prove that the determinant is non zero. It can be shown that the dc-
terminant for M is non zero if the following expression is non zero,
i.e. , if
ml72rl2r22 # 0.
Thus, the balloon system is completely observable since the composite
matrix M has rank = 4.
3.3 Observability of Balloon System With Output Bias
Previous studies have been conducted for the IACATE system in order
to determine the nature of the balloon's platform motion (6) The time
history of the platform pendulation angles (A(t) and Vt)) was deter-
mined by integrating the output from the rate gyros. The study indi-
cated that the platform motion on listed of small oscillations superim-
posed on a line with (nearly) constant slope. These results suggested
that the gyroscopes oontain a constant bias error.
In order to take into account the error in the output (•y) due to
bias in the gyroscopes, the matrices in Bcgs. (3.1-1) and (3.1-2) are
defined as follows; i.e.,
26
0 0 1 0 0
0 0 0 1 0
A = a31 a32 0 0 0
a41 a42 0 0 0
0 0 0 0 0
0
0
B = b3
b4
0
u=a,
y = w (2) + q5'
w (2) = the colt of the angular velocity of the platform
along the specified body axis,
q5 = corresponding gyroscope bias, and
C = (0 0 0 1 1) .
The observability of the system model described by Bqs. (3.1-1)
and (3.1-2) can be ascertained by showing that the corresponding com-
posite matrix M has rank 5. It can be shown that the caimposite matrix
M for this system is given as follows; i.e.,
0	 0	 0	 1	 1
a41	 a42	 0	 0	 0
M =	 0	 0	
a41	 a42	 0
(a41a31+a42a41) (a41a32+a42)	 0	 0	 0
0	 0	 (a4la31+a42a41)(a41a32+a42) 0
It can be shown that the determinant of the ibove matrix is non-zero
if the resulting expression is rxn zero; i.e., if
mlm2 (r2+rl) # 0.
Thus, the system described by Eqs. (3.1-1) and (3.1-2) is ampletely
observable since the carposite matrix M has rank = 5.
3.4
	
	
of Full Order Identity Observer for Balloon System
Without Bias
An n th order identity observer (or asympotic-state estimator) can
be constructed for the cxnpletely observable n th order plant described
by Eqs. (3.1-1) and (3.1-2). The observer is described by the following
equations; i.e.,
Z = FZ+Bu+G y, and
	 (3.4-1)
Z (to) = Zo.
Z is an n *h order estimate of the state vector q,
z  is an estimate of the unknown initial state vector qo,
G is an n x 1 matrix,
F= (A - GC) , and
Y, u, B and C are as described in Eqs. (3.1-1) and (3.1-2).
An inspection of Eq. (3.4-1) reveals that the state estimators
response (Z) will be determined from a consideration of the observer
dynamics, external inputs  and plant outputs, The observer dynamics are
controlled by the F matrix. The external input u contributes to the
state estimator's response via the control matrix B. From Eq. (3.1-1),
it can be seen that this control matrix B and the external inputs u are
identical for both the plant and observer.
For accurate state space reconstruction the plant output y must be
fed into the observer model. By coupling the plant output y to the ob-
server via the G matrix, the observer becomes a closed loop estimator.
This is illustrated in Fig. (3.4-1).
'me F matrix in Eq. (3.4-1) is oonstnucted such that the difference
between the output of the observer model and the plant model is zero
over 
some finite time interval. This error (E) is given as follows; i.e.,
E=Z - q.	 (3.4-2)
Subtracting Eq. (3.1-1) from (3.4-1) yields the following:
E = FE.	 (3.4-3)
The solution of Eq. (3.4-3) yields:
28

30
116€
E = Eo eF(t to)	 (3.4-4)
o Zo_ -%.
It is clear from Eq. (3.4-4) that the error, E, decays ex;=Mtially
to zero if G is chosen such that all of the eigenvalues of - F are nega-
tive or have negative real parts. Also, these eigenvalues must be more
negative than the eigenvalues of A to insure accurate response.
The detailed form of the F matrix in Eq. (3.4-3) can be obtained by
substituting the form of the A and C matrices which are defined in Eq.
(2.7-3) and (2.7-4). This yields the following; i.e.,
F = (A - GQ , i.e.,
0	 0	 1	 -91
0	 0	 0
	 (1-92)
F =	 ,
a31 a32 0	 -93
a41 a42 0	 '94
91
g2
G =
g3
g4
The farm of the solution for E in Ea. (3.4-3) is given as follows
E=Xe^'t.
I - the identity matrix, and
F = matrix defined in Eq. (3.4-1).
The necessary and sufficient condition for determining the eige -
values of the matrix F is that
IF-Al (; i.e.,
-X	 0	 1	
-91
0	 -X	 0	 (1-92)	
- 0.	 (3.4-5)
a31 a32 -X	 -93
a41 a42	 0	 (-94->')
The characteristic polynomial obtained by expnling Eq. (3.4-5) is
given below; i.e.,
(X4)+(g47^3)+((gla41 a31 a42+g2a42)7.
+((-94 a 31+93a4l) 7^)+ ( a32a41+a42a31
+ g2a32a41-92a42a31) = 0.
	 (3.4-6)
Critical damping of the error E is obtained by determining the G
matrix such that all of the eigwmalues are negative and equal. 'This
yields the following values for the G matrix: i.e.,
Agl - ((-6X2-a31-a42+g2a42)/(-a41)),
92 - ( ( -;k4 -a32a41+a42a31)/(-a32a41+a42a31)J,
q3 = ((-4"3+g4a31)/a41)' and
g4 - (-4a).
3.5 Developnent of Identity Observer System for Balloon System With
Bias
In the case of the fifth order identity observer system the matrices
in Eq. (3.4-1) have the following foam; i.e.,
32
0	 0	 1
-gl
-91
0	 0	 0 (1-g2)
-q2
F = a31	 a32	 0 -93 -93
a41	 a42	 0 -94 -94
0	 0	 0
-g5 -95
,
91
g2
G = g3	 ,
94
g5
and y, u, B and C are as described in Eqs. (3.1-1) and (3.1-2).
The eigenvalues for the F matrix corresponding to the bias model
are obtained from the following oonditicn; i.e.,
33
- 0.
-'-	 0	 1	
-91 -91
0	 -'-	 0	 (l-g2 ) -g2
a31	 a32	 -X	 -93 -g3
a41	 a41	 0	 (-'X-94 ) -94
0	 0	 0	
-95 (-A-95)
The characteristic polynomial of Eq. ( 3.5-1) is given as follows;
i.e.,
(a5)+((g4+95)A4)+((g1a41+92a41 a31-a42)7^3)
+((93'4 1-94'31-95'31-95'42) Jl2)
+((-92a4la3l'92641a32+a42a31 a4la32)X)
+ (g5a42a3l-g?4la32) : 0- 	 (3.5-2)
The final farm or the G matrix elements (obtained from the cmxU-
tion for critical dwping) are given as follows;
g  . ((10'-2-92a42+a31+a42)/a41),
92
 a (("J4-a42a31Ta4la32)/(-a42a31+a4la32))•
93 a ((-10'-3+44 a 31+g::(a31+a42))/a41).
g4 a (-5'- -95 ), and
g5 a ((-;")/a42a31 a3la41a32 ) )
CHAPTER IV
RESULTS AND CCNCLUSIQNS
4.1 Data for IACKTE Mission
Figure (1.1-1) illustrates the actual LACATE balloon system and
Figure (2.1-2) illustrates the corresponding idealized system used in
this study. The values for the various lengths and masses of the ide-
alized system are given in Table (4.1-1).
The numerical values for the elements of the M and K matrices of
Eq. (2.6-5) were cagxted based on the data given above. The resulting
values are presented in Table (4.1-2). The numerical values for the A
and B matrices of Eq. (3.1-1) are given in Tables (4.1-3) and (4.1-4).
The eigenvalue problem for the balloon system was -olved analyti-
cally. The solution for the eigenvalues (A 2)j and corresponding eigen-
v+ectors are presented in Table (4.1-5). The values of aj represent the
natural frequencies of the system. The modal shape functions and per-
iods corresponding to each natural frequency are shown in Table (4.1-6).
Results for the balloon observer system were obtained by employing
two separate time intervals. The equations for precUctiva the body axis
acceleration components from sensor outputs are presented in ApperOix A.
Plots of t-- body axis acceleration components m--r the two time inter-
vals are given in Figures (4.1-1) through (4.1-6).
4.2 Results Fran Simulation Study
Eq. (3.1-1) was employed to sire ul?te the balloon platfcnn angular
velocity and angular displacement. The inputs and outputs employed with
the simulated system were of the same order of magnitude as predicted
34
3 KJ
mnnry d 1-1
Idealized LACATE S^rstem Pmperties
rl (distance from point 0 to mass ml) = 75 ft.
r2 (distance fram mass m l to m2) = 15 ft.
ml
 (lu►oed mass) = 135 lbm
m2 (lumped mass) = 375 1 m
TABLE 4.1-2
Coefficients of m and k Matrices
mil = 89156 Ubf - s2 . ft)
m12 = 13111 (1bf - s2 . ft)
M21 = 13111 (lbf - s2 . ft)
M22 = 2622 (lbf - s2 . ft)
k11 = 38278 Ubf - ft)
k22 = 5629.4 (lbf - ft)
TABU 4.1-3
Coefficients of A Matrix
a31 = -1.621 (s 2)
a32 = 1.1923 (s-2
a41 = 8.107 (s
-2 )
a42 = 8.107 (s-2)
TABLE 4.1-4
Coefficients of B Matrix
b (31) = -0.01334 (ft 1)
b(1) = 0.0
b(2) = 0.01334 (ft 1)
i6
b4(2) = 0.0
TABLE 4.1-5
Balloon %mtgns Eigenvalues 02 ;and Qorivsponding Eigenve
n^ %j
1 .3711 1.000
1.048
2 9.3611 1.000
-6.488
TABLE 4.1-6
Balloon Sy^s Modal Shape Fixations and Periods
Period (Ti ) Modal Shape
1 .6092 10.314 {/^
T'	 -
/
6
2 3.0596 2.053
m
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I
9
ol
O	 O	 O	 C	 C
C
C	 O	 O	 C	 C
C	 c
by the actual IACATE flight data. For camparison purposes, all of the
simulation runs employed identical initial conditions and eigenvalues;
the magnitude of the latter was equal to -0.6.
The angular velocity (9) and angular displacement (0) predicted by
the fourth order observer system are shown in Figs. (4.2-1) - (4.2-4)
for the case when bias is not present in the output. The free response
case is illustrated in Figs. (4.2-1) and (4.2-2), while in Figures
(4.2-3) and (4.2-4), results are given for the case when a ramp input
was employed.
Figures (4.2-5) - (4.2-13) illustrate the free response of the
fourth order observes system for the case when bias is present in the
output. The plant output for the case shown in Figs. (4.2-5) and (4.2-6)
contains a constant bias, while a linear bias was used to obtain the re-
sults shown in Figs. (4.2-7) and (4.2-8).
Figures (4.2-9) - (4.2-13) give the free response results for the
fourth order observes system when a high frequency bias ;S = 0.005
cos(13t)) is present in the plant output. The results for the angular
displacement fran the fourth order observer system are ?resented in
Figs. (4.2-9) and (4.2-10). Figs. (4.2-11) and (4.2-12) present the
results for the angular velocity predicted by the fourth order observer
model. Fig. (4.2-13) presents the results for the plant output 0..e..
y:q4+8).
Figures (4.2-14) - (4.2-21) display the free response results frcm
the fifth order observer system for the case when bias in the output is
present. In the case of Figs. (4.2-14) and (4.2-15), the output con-
tained a constant bias, while a linear bias was used to obtain the re-
sults shown in Figs. (4.2-16) and (4.2-17).
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observer system when the plant output contains a high frequency bias
(q5 - 0.005 cos (13t)). Figs. (4.2-18) and (4.2-19) present results
for the angular displacement predicted by the fifth order observer sys-
tem. The angular velocity predicted by this system is shown in Figs.
(4.2-20) and (4.2-21). The results for the plant output (i.e., y =
q4 + q5) are presented in Fig. (4.2-13).
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4.3 Discussion of Simulation Study Results
The results in Figs. (4.2-1)-(4.2-4) verify that, after a finite
time interval, the fourth order observer system will reconstruct the
plant state exactly if all plant irWts and outputs are known. The
use of repeated eigenvalues (i.e., ai = - 0.6) rasulted in an error free
response after a period of 20 seconds.
The fourth order observer results in Figs. (4.2-5)-(4.2-13) were
obtained for the case when the plant output contained a bias (S(t)).
From Figs. (4.2-5)-(4.2-13), it is seen that the reconstructed states
contained an error resulting from the bias present in the plant output.
Two methods can be used to detezmine the steady state error in this
reconstructed state due to output bias:
1. Revise •Dq. (3.4-3) to include the error due to bias and then
Solve this equation.
2. Canpare the results for the reconstructed state to the actual
state directly by employirg the curves in Figs. (4.2-5)-(4.2-13) .
For purposes of this work the latter method will be employed.
For cmparing the reconstructed state to the actual state, a relative
error, ERi (t
i
) will be used. This is defined as follows; i.e.,
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(4.3-1)EA t
7	 qi ti )
where
EAi (t^) = magnitude of the error in the state q i at t = t i , and
qi (t
i
) = maximum value of the actual state variable at t = tj.
Tile curves in Figs. (4.2-5) and (4.2-6) indicate that the error in
the reconstructed state is a constant when the plant output contains
a constant bias (i.e., S = 0.001). In particular, for this case, a 5%
rrelative error (^ ) in the output resulted in errors (ER 2 and ER4 ) of
17% and 100% in 8 2
 and 82 respectively.
When a linear bias (i.e., B = 4.0x10 -6t) is present in the plant
output, a linear error resulted in the reconstructed state (see Figs.
(4.2-7) and (4.2-8)). At t = 43s, ER  = 6%, ER 2 = 23% and ER4 = 133%.
The results shown in Figs. (4.2-9)-(4.2-13) indicate that when the
plant output contained a high frequency bias (i.e., S = 0.005 cos
(13t)), the angular displacement (8) and the angular velocity (9) pre-
dicted by the fourth order observer contained a sinusoidal error. The
error in the reconstructed state at peak amplitudes are ER  = 167%,
ER2 = 9% and ER4 = 33%.
The results obtained from the fifth order observer are shown in
Figs. (4.2-14)-(4.4-21). Figs. (4.2-14)-(4.2-16) indicate that, for the
case when the plant output contains a constant bias, the actual state will
be reconstructed exactly after a finite interval of time.
Figs. (4.2-16) and (4.2-17) show that when the plant output contained
a linear bias (i.e., S = - 1 x 10-4t), a constant error resulted in the
reconstructed state. At t = 43s., the resulting errors are given as
follows; i.e., ER  = 153 %, ER2 = 64% and ER4 = 100%.
Figs. (4.2-18)- ( 4.2-21) show that when the plant output contains a
high frequency bias (i.e., = 0 . 005 cos (13t)) the state predicted by
the fifth order observer contains a sinusoidal error. The errors in the
reconstructed state at peak amplitudes are ERy = 167%, ER2 = 6% and
ER4 = 35%.
In general, the results of the simulation study show that the form
of the error in the reconstructed state will depend both on the order
of the observer model and the type of bias (i.e., constant, linear, etc.)
present in the plant output. When an nth order bias is present in the
plant output, the fifth order observer will yield a more accurate response
than the fourth order observer. For this case, the error in the fifth
order observer will be of order n-1, while the error in the fourth order
observer will be of order n.
For a specific form of bias, the magnitude of the errors in the re-
constructed state will depend on the elements of the F and G matrices.
For the particular case when X  = - 0.6, the magnitude of error in the
reconstructed state Z 2 was much smaller than that in Z 4 . Moreover, for
the case when the bias was of a sinusoidal nature (s = 0.005 cos (13t)),
the error in the reconstructed state Z 2 was less for the fifth order
observer model; however, a more accurate response was obtained in state
Z4 for the fourth order observer.
4.4 Observer Results for Determining Orientation of Balloon Platfcrm
The fourth and fifth order observer system models were employed
to determine the orientation (82) of the balloon platform in the X2X3
plane for the time interval t = Os ,initial IACATE data recording time)
to t = 500s. The observer transient error was assumed to decay to zero
after an elapsed time period of 250s. At this time the initial condition
for integrating the gyroscope was set equal to the angular displacement
(Z2) predicted by the observer. Fig. (4.4-1) illustrates the output (y)
off
obtained fran the gyroscope with sensing axis along the e 1  body axis.
Figs. (4.4-2)-(4.4-5) give the angular velocity (Z 4 ) and angular
displacement (Z2) predicted by the fourth order observer model for the
case when a  = -0.5. The free response case is illustrated in Figs. (4.4-2)
and (4.4-3), while Figs. (4.4-4) and (4.4-5) give the response when the
wind acceleration is included.
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Figs. (4.4-6)-(4.4-13) illustrate the free response of the fifth
order observer system with X  = -0.2 and - 0.5 respectively. Figs. (4.4-6)
and (4.4-10) present the results for the angular velocity while Figs.
(4.4-7), (4.4-8), (4.4-11), and (4.4-12) present the results for the
angular displacement. Figs. (4.4-9) and (4.4-13) contain the results
for predicted bias (Z5).
Figs. (4.4-14)-(4.4-25) present the fifth ,Yder observers response
with wind acceleration for the case when X  = -0.2, -0.5, and -0.7
respectively. Figs. (4.4-14), (4.4-18), and (4.4-22) present the results
for the angular velocity while Figs. (4.4-15), (4.4-16), (4.4-19),
(4.4-20), (4.4-23) and (4.4-24) present the angular displacement. The
bias predicted fran the fifth order observer for the respective cases
is presented in Figs. (4.4-17), (4.4-21), and (4.4-25).
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4.5 Mscussion of Balloon Observer Results
Figs.(4.4-2) and (4.4-4) indicate that the angular velocity
results predicted by the fourth order observer differ significantly
from those obtained from the gyroscope. The actual angular velocity
of the balloon platform is different than that obtained from either the
observer or _gyroscope. Deficiencies in the ability of the gyroscope
to reproduce the actual angular velocity are caused by mechanical
insensitivity to sudden changes in angular velocity and bias. L'rrors
in the angular velocity values predicted by the fourth order observer
result from the form of the elements of the F and G matrices (see
Sec. 4.3) and the magnitude of bias present in the output of the gyroscope.
Fiar.(4.4-3) shows that the angular displacement predicted by the
fourth order observer model without wind input differs significantly
from that obtained by integrating the output from the gyroscope (yi).
The general trend of the angular displacement predicted by this model
is_simular to that obtained by integrating the output of the gyroscopes.
However, the output of this model contains errors; e.g., the maximum
difference between the two curves is 0.172°. This is significant in
view of the fact that the maximum displacement predicted by the observer
is 0.058° while that obtained by integrating the output from the gyro-
scope is 0.23°. These errors can be attributed to the fact that:
1. The effect of the wind acceleration is neglected.
2. Bias is present in the plant output.
Fig.(4.4-5) shows that the angular displacements obtained from
the fourth order observer including wind acceleration compare less
favorably (with the integrated gyroscope output) than those obtained
from the previous model. The magnitude of the maximum angular displacement
96
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predicted ry this model is approximately 0.5 0 1
 while the maximum
deviation is of the order 0.60.
Figs.(4.`w-6), (4.4-10), (4.4-14), (4.4-1 0 ), and (4.4-22) show
that the angular velocity results obtained from the fifth order observer
model differ significantly from the results (biased) obtained from the
gyroscope. This is true regardless of whether the effect of wind
acceleration is included. However, as the magnitude of the repeated
eigenvalue (Xi ) increases, the differences between the two curves decrease.
Figs. (4.4-7), (4.4-8), (4.4-11), and (4.4 -12)
 show that the angular
displacements predicted by the fifth order observer model which was
developed byexcl uding the affect of wind accleration, are in good
agreement with those obtained by integrating the modified output from
the gyroscope (yim). The latter was obtained by subtracting the bias
predicted by this model from the actual gyroscope output. These
figures indicate that the difference between the two curves increases
with increasing time. Moreover, this difference decreases with in-
creasing magnitude of Xi . The maximum displacement with X i=-0.2 and
-0.5 is of the order 0.050 ; while the maximum error is 0.08 0 and
0.020 respectively.
Figs.(4.4-15), (4.4-16) ► (4.4-19), (4.4-20), (4.4-23), and (4.4-24)
indicate that the angular displacements predicted by the fifth order
observer which includes the affect of wind acceleration are in good
agreement with the values obtained by integrating the modified output
from the gyroscope. The difference between these two curves remains
constant over the entire observed time period. "Moreover, this difference
decreases with increasing magnitudes of Xi . 7be magnitude of the
maximum error and displacement for all three cases is approximately
n
98	 •
0.250 • and 0.50
 respectively.
Figs. (4. 4- 1-) , ( h. . 4-15), (4 . 4-16), (4.4-19), (4.4-20), (4.4-23),
and (4.4-24) show that the angular displacements predicted by the fourth
and fifth order observer models compare favorably regardless of the
value of X i . This indicates that the predicted angular displacement
is unchanged regardless which observer model is used. Thus, the
fourth order observer model can be used to predict the angular displace-
ment of the balloon platform.
"Fig' s. (4.4-3), (4.4-7), (4.4-9), (4.4-11), and (4.4-12) show
that the angular displacements predicted by the observer models with-
out wind input differ significantly from those results predicted by
the models which include wind input. -This indicates that knowledge
of wind accleration is necessary in order to obtain • accurate results
for the attitude of the platform.
4.6 Conclusions
This study has shown that, for a completely observable balloon
system, observer models can be constructed to accurately determine the
angular displacement of the observational platform. Any errors in
the predicted platform state are due vainly to errors in the balloon
flight data (i.e., acceleration and angular velocity data) as opposed
to deficiency in the observer model. Although the results for the
angular velocity are in poor agreement with those obtained from the
gyroscopes, these deviations can be decreased considerably by proper
choice of the eigenvalues.
'*his study has also shown that the angular displacements predicted
.A
',y the otscrver models do not vary significantly with either the order
of the Model or the magnitude of the repeated eigenvalue. However,
the results do vary significantly depending on whether the affect
of wind acceleration is included.
Qg
APPENDIX A
Balloon Translational Acceleration Caffponents
In the case of the IAMTE experiment, the balloon's position was
tracked by radar; the tanslational opponents were obtained with respect
to the earth fixed axis shown in Fig. (A-1). The corresponding body
axis for the balloon platform system is shown in Fig. (A-2) . The angle
a measured between these two coordinate systems (Fig. A-2) is given as
follows; i.e.,
t
a =	 W3dt - tits (1) + a0 , (A-1)
0
where
W3 = spin component of angular velocity obtained from gyroscope,
3Q = magnitude of earth spin,
(7.2722 x 10-5 (rad ' s-1
X - latitude angle (0.5724(rad)), and
a0 initial value of a as measured by magnetometer.
The velocity oomponents of the balloon were obtained by numerically
differentiating the (radar tracked) translational components. The velocity
components of the balloon (X, V y ) measured along the balloon's body axis
are given as follows; i.e.,
V1 = - XS(a) + Vy C (a), V2 = X-C (a) + Y S («) ,	 (A-2)
Vl = balloon velocity omponent
I I I
along the a 2 body axis
V2 - balloon velocity oamponent along the el ^^^ body axis,
X = balloon velocity component along the e1 earth fixed axis,
Y
= balloon velocity component along the e2 earth fixed axis,
100
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and a is an defined in Eq. (A-1) .
The balloon's translational acceleration ca, nents along the body
axis can be obtained by differentiating Eq. (A-2) with respect to time.
The resulting equations are given as following; i.e.,
al 
= - XS(a)+VyC(a)4a (:VXC(a) V S (a) 	 (A-3)
a2 = V X (a) yS(a)+a( VXS(a)+VyC(a))
where
al
 = translational acceleration aatponent along
	 e2 ''' ::ody axis
a2
 = translational acceleration cagponent along the el "' body axis,
VX
 = translational acceleration component along the ca l earth fixed axis,
Y = translational acceleration camponent along the e 2
 earth fixed axis,
CL = W3
 -- QS (a) , and
X, Y and a are as defirmd previously. It should be noted that, in the
above development, the earth's rotational effects are neglected.
a
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ortran Cod'rr
1. 7odv Axis Accelerations
	1.000 C	 PROGRAM TO OBTAIN MDT ACCEL. FROM
	
2.000 C	 SENSITIVITY ANALYSIS
3.000 OUTPUT 'INPUT N'
4.000 INPUT N
5.000 DO 1 I=1,N
6.000 READ (103, 2) T. P
7.000 2 FORMAT(2G)
8.000 REkD (109. 2) T, PD
9.000 READ(1 04,3) TO.XX,VX,AX
10.000 3 FORMAT(4G)
11.000 READ 0 07, 5) T i , YY, VY, AY
12.000 5 FORMAT(0)
13.000 A1=A%*iO5(P)+AY*SIN(P )+;—VX*5IN (P`+VY*COS(P))*PD
14.000 A2=AX*(—SIN(P)) +AYE(P)+(—VX*COS(P)—VY*SIY.^P))*PD
15.000 WRITE ( 106,4) T,A1,A2
16.000 4 FORMAT (3E14.6)
17.000 1 CON'T'INUE
18.000 STOP
19.000 END
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2. Aalloon Fourth Order Observer
1.000 C	 BALLOON 4TH ORDER OBSERVER
2.000 COMMON/FCTT/A31,A32,A41,A42,G1,G2,G3.G4,B32
3.000 EXTERNAL PCT. OUTP
4.000 DIMENSION Y(5).DERY(5),PRMT(5),kUX(16,8)
5.000 9 OUTPUT'INPUT Y10.Y20'
6.000 DATA (Y(I).	 I=1.4)/0.,0..0..0./
7.000 OUTPUT 'INPUT PRMT(I),I=1.4'
8.000 INPUT.	 (PRMT(I),I=1,4)
9.000 OUTPUT 'INPUT EIG'
1-%000 INPUT EIG
1 ; .000 A31=-1.622
12.000 A32=1.1926
13.000 A41=8.1 096
14.000 A42--8-1096
15.000 B32=.0437
16.000 G4-4*EIG
17.000 G3=(G4*A31-4*EIG**3)/A41
18.000 G2=(-EIG**4-A32*A41+A42*A31)/(-A32*A41+A42*A31)
19.000 G1=(-6*EIG**2-A31-A42+A42*G2)/(-441)
20.000 OUTPUT G1, G2, G3. G4
21.000 NDIM=4
22.000 OUTPUT'INPUT	 1 TO RUN'
23.000 INPUT J
24.000 IF (J .NE. 1) GO TO 9
25.000 DO 1	 I=1,4
26.000	 1 DERY (I) =O. 25
27.000 CALL HPCG(PRMT. Y, DERY, NDIM. Ifs, FCT. OUTP. AUX)
28.000 STOP
29.000 END
30.000 SUBROUTINE FCT (X, Y. DERY, INO)
31.000 DIKWSION Y(1).DERY(i)
32.000 COMMON/FCTT/A31.A32,A41.A42.G1.G2.G3,G4.B32
31.000 CO0WN/'JAB/T1, THTD
14.000 IF(INO .HQ. 0) GO TO 2
35.000 4 FORMAT (2G)
36.000 5 FORMAT(3G)
37.000 READ (104.4) T i , TH'TD
38.000 READ (103.5) T2, A 1. A2
39.000 2 DERY(1)=Gl*(--Y(4)+THTD)+Y(3)
40.000 DERY(2)=G2*(-Y(4)+THTD)+Y(4)
41.000 DERV 3)^3*^-Y 4)+THTD)+A31*Y 1)+A32*Y(2)-B32*A2
42.000 DERY^4)=G4*k-Y^4)+THTD)+A41*Y(1)+A42*Y(2
43.000 RETURN
44.000 END
45.000 SUBROUTINE OUT P (X, Y, DERY. nW, ND IM, PF44 T )
46.000 COMM0N/DAB/T1.THTD
47.000 DBUSION Y(1),DERY(1),PRMT(1)
48.000 WRITE(106,10)X.Y(2),Y(4).THTD
49.000 10 FORMAT (4E13.5)
50.000 RETURN
51.000 END
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3. Balloon Fifth Order Observer
1.000 C	 PROGRAM TO TEST 5TH ORDER OBSERVER SYSTEM WITH INPUT BIAS
2.000 COMMON/FCTT/A31,A32,A41,A42,G1.G2,G3.G4,G5,B32
3.000 E'gTERNAL FCT,OUTP
4. 000 DIMENSION Y(5),DERY(5),PRMT(5),AUX(16,8)
5.000 9 OUTPUT'INPUT Y10,Y20,Y3O'
6.000 DATA (Y(I),	 I=1,5)/0.,0.,0.,0.,0./
7.000 OUTPUT 'INPUT PFf"(I) I=1,4'
8.000 INPUT, (PAMT(I),2=1,4
9.000 OUTPUT 'INPUT EIG'
10.000 INPUT EIG
11.000 A31 }1.622
12.000 A32=1.1926
13.000 A41 =8.1096
14.000 A42=-8.1096
15.000 B32=.0437
16.000 G2=(5*EIG**4-A42*A31+A41*A32)/(-A42*A31+A41*A32)
17.000 G1=(10*EIG**2-A42*G2+A31+A42)/A41
18.000 G5--EIG**5/ (A42*A31-,A41 *A32 )
19.000 G4=-5*EIG-G5
20.000 G3=(-10*EIG**3+A31*G4+(A31+A42)*G5)/A41
21.000 OUTPUT G1,G2,G3,G4,G5
22.000 NDIM=5
23.000 OUTPUT'INPUT	 1 TO RUN'
24.000 INPUT J
25.000 IF (J .NE. 1) GO TO 9
26.000 DO 1
	 I=1,5
27.000	 1 DERY (I) =O. 2
28.000 CALL HPCG(PRMT,Y,DERY,NDIM,ntW,FCT,OUTP,AUX)
29.000 STOP
30.000 END
31.000 SUBROUTINE FCT(X,Y,DERY,INO)
32.000 DIMENSION Y(1),DERY(1)
33. 000 COMMON/FCTT/A31,A32,A41,A42,G1,G2,G3,G4,G5,B32
34.000 COMMON/DAB/Ti THTD
35.000 IF(INO . EQ. Oj GO TO 2
36.000 4 FORIKAT (2G)
37.000 5 FORMAT(3G)
38.000 READ(104,4)T1,THTD
39.000 READ(103,5)T2,A1,A2
40.000 2 DERY(1)=Y(3)+G1*(-Y(4)-Y(5)+THTD)
41.000 DERY (2) =Y (4) +G2* (-Y (4) -Y (5) +THTD)
42.000
43.000
DERY(3)=A31*Y(1)+A32*Y(2)+G3*^-Y^4)-Y(5)+THTD) B32*A2
DERY(4)=A41*Y(1)+A42*Y(2)+G4* -Y 4)-Y(5)+TRTD)
44.000 DERY(5)=G5*(-Y(4)-Y(5)+THTD)
45.000 RETURN
46.000 END
47.000 SUBROUTINE OUTP(X,Y,DERY, MY. NDIM,PRIKT)
48.000 COMMON/DAB/T1,THTD
49.000 DIMENSION Y(1),DERY(1),PRMT(1)
50.000 WRITE(106,10)X,Y(2),Y(4),Y(5),THTD
51.000 10 FORMAT (5E13-5)
52.000 RETURN
53.000 END
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1.000 C
2.000 C
3.000
4.000 C
5.000 C
C-000
7.CC0
e. 000
Q . 000
1 0.000
11 .000
12.000
13.000
14.000
15.000 1
16.000
17.000 C
....................
	 .....	 .... ........ 0.....................{
FCPFOUTTRE HPCG(PPMT,Y.rFPY,NrIM.IHLF.FCT.OUTP,AUX)
PIMFNc10A' FFI^T(1).Y(1 ). PERY(1),AUX(16, ^ )
N=1
IFIF=O
F=FPMT(1 )
H=FRMT(!)
FFMT(5)wO
PO 1 I=1 NPIM
AUX(16.I)=O•
AtTX(15.1)=PFRY(I)
AUX(1.I)=Y(I)
IF(H*(FFFT(2)-X))7..2,4
18.000 C	 FFFOR RETURNF
10.000	 2 IHLF=1e
20.000	 GOTO 4
21.000	 IHLF=1
22.000 C
23 .000 C	 COMPUTATION CF rERY FOR STARTING VALUES
24.00C	 4 INO_1
25.000-	 CALL FCT(X,Y,rERY,INO)
26.000 C
27.000 C	 PECORPING OF STARTING VAlUFS
28.000
	 CALL OtTTP (X, Y, PERY, IHLF, NPIM, PRMT )
20.000	 IF(PRMT(5))6,5,E
'20.000	 5 IF(IHIF)7. ,E
'2 1-000 	 6 FFTtTRN
42.000	 7 r0 a I=1.NrIM
'?.000	 8 AITX(8.7)=PFFY(I)
?^4. 00C c
'5.000 C COMFITTATICN OF AUX(2.I)
36. ()CC IPW=1
'7.000 GOTO 100
^e.000 C
^9.000 9 X-X4H
40.00C r0 10 I=1.NrIM
41.000 10 AUX(2 I) =Y(l)
42.000 C
43.000 C INCPFMENT H I: TEFTEr FY MEANF OF BISECTION
44.000 11	 IHLF=IHLF41
45.000 X=X-H
46.000 PO	 12 I=1,NrIM
47.000 12 AI-X(4,I)-AUX(2,I}
48.000 H=H
4S.COC N=1
50.000 I.W=2
51.000 GOTO 100
52.000 C
53.000
54 Cco
F51.cce
5 f . ccc
57. coo
5e coo
5c.coo
60. Coe
61.000
62.000 C
6;.000 C
64.000
65-000
66. COO
67.000
68. coo
6 9. Coo
70. coo c
71.000 C
72.Coe
73 .000
74. Coe
75. coo C
7F . Coe C
77.000
7F.000
-.0010
80. coo
81.000
82-000
e-- . Coe
84.Coe
85.000
Fe. Coo C
6'7.000
8£s. 000
& C
 . 000
cc coo
a1
 .coo
92 .000
9.000
94.COC
95. COG
96.000
97.000
Ge . coo
oo,COO
1 oC . 000
ICl.Coo
102.000
1C^ Coo
104.000
1C5.CCc
106.000
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IrTc=c
CALL FCT(X.Y.rFFY INO)
N=2
rC 14 I=1 N!' IV
Aux(2.I)=Y(I)
14 APX(9 I)=r1:FY(l)
I: W =3
GC'TC 1CC
COFFUTATICN CF TELQ T liAIUF rEIT
15- 'FIT=O.
r-C 16 I=1,NrIM
16 rFLT=rll-T+AUX(15.1)*AFS(Y(I)-A11X(4,I))
:FLT=.06666667*rEIT
GO TC 10
1 -i IF(IHLF- 1 0)11, 1F,18
NO :'ATIFFACTORY ACCURACY AFTFF 10 PI:FCTICN:. EFROF MESSAGF.I
1F IHIF=11
X=X+H
COTC 4
°'FFFF IS cATI:FACTCFY ACCi'FACY AFTFF IF:: THAN 11 PIkcFCTICNS.
10 X=X+H
INC=C
CALL FCT(X,Y,"FFY.INO)
^C 2C I=1.NrIM
AI'X(3.I)=Y(I)
2C A.UX(10.I)=rFFY(I)
._^
IcW=4
GCTC 100
21 N=1
x=x+H
INC=c
CALL FCT (X. Y. ^EFT. INC)
X=FFMT(1)
DO 22 I=1,NrIM
AUY(11,I)=AEFY(I)
220Y(I)=AtX(1,I)+H*(.3i5*AUX(6,I)+.7016667*AUX(9,I)
1- .2OE33,7 *Ai'X(10.I)+.04166667*DERY(I))
2? X=X+H
N=N+ 1
INC =1
CALI FCT(X,Y,rFFY,INC)
CAII OIITF(X. Y, rFFY. IHIF, Nrlr', FFMT)
IF(FFMT(5))E.,24,6
24 IF(N-4)25,200,20C
."C 2F 1= 1 . NrTM
AVY(N.7)=Y(I)
26 AT'X(N+7.7)=rFFY(I)
I F ( IAT -3) 2 7. 20, 200
0RIcir4nt. r. ^;:r 109
1 C` ; . CCC C
, ►
CF POOR QUAL;1-l'
1 CF. 000 2,1
	
re	 2^	 I= 1, NrI h
100.cuc rFIT=AU(°.I)+AUX(U.I)
llo. ccc rFLT=rFI.T+rFIT
1 11.000 2F	 Y(I)=Ai'X( 1. 1)i.	 (AUX(F,1)+^EIT+AU	 00,I))
112. 0cc GCTC 2z
11 7 .000 c
1 1 4.000 20 rC	 'c I=1.NrIM
115.00c ^FIT-AUY(0, I ) +AI'X(1C, I)
1 1 6. ccc ^FIT= ^FI T+^FI T-+ ^FI T
117,000 ?C	 Y(I)=AVY(I.1)4.?75*N*(AT'X(E.I	 +.FIT+Ai'X(11, 1))
I I F - rc0 0(`TC	 2'
1 1 0 . ccc c
1X.Mc C TFF FCIICWINC FAFT CF FI'FFCUTJNF FFCG COMFUTFF FY MFANF ('F
12 1 .000 C FITYGF-FUTTA	 MFTNCr :'TAFTING 1'AII'FF FCF TFF N0T FFLF- °TAFTING
12,(.CC0 c FFF."CTCF CCFFFCTCF MFTFCr.
127.000 1 	 C	 r0	 1C 1 	 I=1,N^'M
124.000 2=P*AUY(N+'.1)
12 F-.000 AVY(F.I)=2
12F.000 1C1	 Y(I)=AUX(N	 I)a.4*^
1^7.0CC C 2	 IF AN PUY111AFY FTCFAGF ICCATICN
12EI .00C C
129.000 2=X+	 4*I?
1 ^0.000 INC=C
1?1.c0c CA 11	 FC7 (L.Y,:EF1. INC)
1;2.000 rC	 1C2	 I=1,N:IM
1==.000 • =F*rFF^(I)
1:4.000 AI'Xlr.1)=^
1-- q -coo 102	 Y(I)=AUX(N,I)+.20F0-7ir*AUX(5.I) +.151,596*z
1 ^ ^ .coo c
1	 7.000 2=X+.4557;2*F
1;F.000 IN0=0
1 ^a.000 CAII	 FCT(4Z.Y.!'FFY, IN0)
1 40.000 ^C	 10", 	I=1,NrIM
141.000 Z=F*rFFY(I)
142.000 A17 (7.I)=Z
147.000 1Cz	 Y(I)=APX(N.1)+.21FIC04*AUY(5.I)-7.C5 0965 *AVY(C.I) + ^.F^2t F5*:
144.000 c
1 Ar--(	 C Z =Y 4F
1GE.ccc INC=c
14-.00C CA 11, FCT	 Y, rFFY, INO
14E.000 ^C	 IC4	 I=1,N^IM
14 0 .000 1C4CY(I)=AUY(N.I)+.1 i4"tC^*A,t'I t 15.1)-.5514FC7*AUY(6 1)
150.CCO '+1.20rr*xE*At'X(7.I)+.1 -111F4E. *H*rFFY(I)
1^1.00C GCTC(c.1?	 15.21),IFW
1r 2.00c c
15'4 .000 C FCFFIFIF FFFAF-FOINT FCF LINKAGE
154.0oc c
155.oC0 C °TAFTING VALUE: AFF
	 CCMFUTE	 .
156 .000 C NCW FTAM
	 FAMMING: MCrIFIEr FFE:ICTCF-CCFFECTCF MFTFCr.
15;.000 200 1STFF==
1 F F. COC 2C1	 I F (N-0204. 2C2, 2C4
1^(-.Coo C
1 F).00C C N=F CAUESEF TFF FCW: CF AtX TC ChANGE Th£IF FTCFAGE ICCATICI%,
p	 110ORt	 i Pr "77. M
OF PGuR QUALITY
1 61 . c0c 2C2 ^C	 207 N =12.7
162.000 nC	 20?	 1=1,N'r1M
16?.000 Ai'X(N-1,11=pi'X(N.I)
1(4.000 2C?	 AT'X(N+6,I)=AUY(N+7.I)
1(5.000 N=
166.000 C
if , -000 C N	 IF"-'F THAN F	 CA UFF: Y-41	 T C	 GET	 N
16E'. OOC 204 N=N+ 1
1(9.000 C
1iC.000 C CCNFUTATICN CF NFXT VFCTCF Y
171.000 DC	 205	 1=1.NDIM
172.000 AVI(N-1.I)=Y(I)
173.cC0 205	 AUX(N+E,I)=rFFY(I)
114.000 X=X+H
175.000 206 IFTEF=I:TEF+1
176.000 rO	 207
	
I=1.NDIN!
1 11 -1.000 01)EIT=AUX(N-4,1)+1.;;:	 ';^*H*(AUX(N+6,I)+AUX(N+6,I)-AUX(N+5,I)
175.000 1AUX(N+4,I) +AUX(N+4,I))
1 1 °. OCO Y (I) =^FIT-. 92561 95*A t'X (1 6, I )
1EC.c00 207 AUY(16,1)=^FIT
1F1 .000 C PFE^IC TCF IS NOW GENFFATF: INROW 16 CF AUY, 	 MCrIF1E^ FFFrIC
1F2.000 C Ic GFNFFATF^ IN Y.	 r1 LT MEANS AN Ai'XIIIAFY PTCFAGF.
1F?.ccc c
154.000 IN C=c
1 F5. 0OO CAII	 FCT (X , Y, rFF Y, INC' )
156.000 c rFFIVATIVF CF MCrIFIFr FFF:ICTCF 	 IC GFFEFATFr IN rFFY
IF-1.00C , c
15F.000 rC	 2C5	 I= 1, Nr 1 r
1FC.000 0rFIT=.125*(Q.*At'X(N-1,I)-AUX(N-?,I)+;.*H*(rFPY(I)+At'X(N+6.I)
1 00.000 1AUX(N{69 I)-AUX(N4 r-. 1)) )
1Q1.000 AI'X(1E.I)=Ai'X(1E.I)-DFLT
1 0 2.000 2C5	 Y(1)=rFIT+.07435017*AI'X(1F.I)
1 C.?	 Occ c
1 94 . COO C TF: T WF?FTF'FF F MUST FF EALVFF OF IL"OUKED
1 &- 5 .000 ^FLT=C.
106.000 .0	 2C9 1=1,NrIM
197.000 20G	 _^FIT=rELT+AtX(15,I)*AF.IAUXl1E.I))
195.000 GC	 TC 21C
199.000 C
2CC.000 c h MUST NOT BE HAIVEr.	 THAT MFANF Y(I) AFE GOCr.
201.000 21C	 INC =1
202.000 CAII FCT(1,Y,rEFY,INC)
207.000 CAII OUTF (X, Y, HEY, IHIF, NDIM, FFNIT)
204.000 IF(PEFT(5))212,211,212
X5.000 211
	
1F(IHIF-11)21	 ,212,212
206.000 212 RETURN
207.000 217	 IF(H*(X-PFMT(2)))214.212,212
208.000 214	 IF(AF:(X-FFMT(2))-.1*AF:(H))212,215,215
209.000 215	 GO TO 201
210.000 C
211.000 c
212.000 c H CCUI:	 FF :'CUFIFr IF AIL NFCFFFAFY FFFCFFrING VAIUF: AFF
21.000 C AVAIIAFIF
214.000 216	 IF(IFIF)201.201.21'
'	 ORIGINAL P.Y(- -t
215.000
	 211 IF ( PT-7) 20 . 218. 218	 OF Ft}Oil QL'A:
21(•000	 21£' TF(TSTFF-4)201,210.219
21 7 .000
	 2 1 0 1M0r=Ifi'"FPj2
218.000	TF (T PTFF- TYCr- IM(r) 20, 1 .220. 201
21 0. 000	 22C H=F
220.QCC	 IFIF=IHIF-1
22 1 .00,0	 IcTFF=O
222.000	 D0 221 I =1 ,Nr1M
223.000	 A UX(N-1.I)=At7 (N 2,1)
224-.00C	 AtTX(N- 2- I)=AUY(N 4, I)
225.000
	
AtTX(N -3. I)=A UX(N-6,I)
226.004	 AUX(N+6.I --ArX(N +S. I)
227.000
	
AUX ( N +5. I =AUX(N+3. I
228.000	 ArX(N+4.I)=AL'X(N+1, I
229.000	 DELT=APX(N+6.I)+AUX(N+5,I)
230.000	 DFIT=DELT+DFIT+DELT
231.000	 2210AUI(16.I)vb 962963*(Y(I)-AUX(N--3,I))-3.361111*H*(rERY(I)+PELT
232.000	 1+A WN+4.I))
233.000	 GOTC 201
234.000 C
2-'5. 000
 
C
23E.000 C	 F MUST PF FALVEr
237.000	 222 IFIF=IFIF+1
2'7P.000	 IF(1FIF-10)223,223,210
270.000 223 F-F
240.000	 TFTFP=O
'	 241.000	 DO 224 I=1.NPTY	 -
242.000	 COY(I)=.00IQC625*(80.*AUX(N-1,I)+1'x5.*AUX(N-2,I +40.*APX(N-3,I)+
243.400	 1ALTX(N-d,7))-.11^1P75*(ArX(N+(.I)--6.*AUX(N+S.I -A UX(N+4,I))*H
244.000	 QAUl(N-4, 1)=.00',5 00625*(12.*AUXOR- I . I)+1"5.*AUl(F-2, I)+
245.000	 1108.*AITX(N-3I)+ACR(N-4,I)) .0234375*(AtTX(N+6.1)+18.*AUX`(N+S.I)
246.000	 29. *A Ul (N44. I ^) *F
247,000	 Ai'x(N-'.I)=AtTF(N-2.I)
24F.000	 224 A17X(N+4. I)=AITX(N+5.I)
249.000	 X=F-H
250.900	 DFIT=X-(N+F)
251.000
	 INO=O
252.000	 CAII FCT(DEIT.Y,DEFY INO)
253.400
	
DO 225 1=1.NDIM
254.000	 AUX(N-2-I)=Y(I)
255.000
	 At?X(N +S. I =PERY(I )
256.000	 225 Y(I)=AUX(N-4,I)
257.000	 rEIT=DFIT--(H+H)
258,000	 INQ=4
259.000	 CALL FCT(rEIT,Y,DERY,INO)
260.000	 DO 226 I=1,NDIM
261.000
	 ^FLT=AUX(N+S, I)+APX(N+4,I)
262.000	 rFLT=DFIT+PFIT+rFLT
263.000
	 OAUX(16,I)=8. 962963*( AtTX(N-1,I)-Y(I))-,5.2161111*H*(AtiX(N+6.I)+DEI
2E4.000	 1+rFRY(I))
265.000	 226 At'X (N+?, I)=rFFY(I)
2(6.000
	 GOTC 206
2f7. MO
	 Ffi"
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